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THE EULER SYSTEM OF CYCLOTOMIC UNITS AND HIGHER
FITTING IDEALS
TATSUYA OHSHITA
Abstract. Kurihara established a refinement of the minus-part of the Iwasawa
main conjecture for totally real number fields using the higher Fitting ideals ([Ku]).
In this paper, we study the higher Fitting ideals of the plus-part of the Iwasawa
module associated to the cyclotomic Zp-extension of Q(µp) for an odd prime number
p by similar methods as in [Ku]. We define the higher cyclotomic ideals {Ci}i≥0,
which are ideals of the Iwasawa algebra defined by the Kolyvagin derivatives of
cyclotomic units, and prove that they give upper bounds of the higher Fitting
ideals. Our result can be regarded as a refinement of the plus-part of the Iwasawa
main conjecture for Q.
1. Introduction
The Iwasawa main conjecture describes the characteristic ideals of certain Iwasawa
modules. The characteristic ideals give various important knowledge on the structure
of finitely generated torsion Iwasawa modules, but these are not enough to determine
the pseudo-isomorphism classes of them (cf. §2) completely. The pseudo-isomorphism
classes of finitely generated torsion Iwasawa modules are determined by the Fitting
ideals. In [Ku], Kurihara proved that all the higher Fitting ideals of the minus-part of
the Iwasawa modules associated to the cyclotomic Zp-extension of certain CM-fields
coincide with the higher Stickelberger ideals, which are defined by analytic objects
arising from p-adic L-functions (cf. [Ku] Theorem 1.1). His result is a refinement of
the minus-part of the Iwasawa main conjecture for totally real number fields.
In this paper, we study the plus-part of the Iwasawa modules by similar methods
as in [Ku]. We obtain upper bounds of the higher Fitting ideals of the Iwasawa
modules. The main tool in [Ku] is the Kolyvagin system of Gauss sums. Instead,
in this paper, we use the Euler system of cyclotomic units, so we can only treat the
Iwasawa modules associated to the cyclotomic Zp-extension of subfields of cyclotomic
fields.
We shall state the main theorem of this paper. Fix an odd prime number p. Let µn
be the group of all n-th roots of unity contained in an algebraic closure Q of Q. For an
integer m with m ≥ 0, let Fm be the maximal totally real subfield of the cyclotomic
field Q(µpm+1). We denote the ring of integers of Fm by OFm , and the (unique) prime
of OFm above p by pm. We put F∞ :=
⋃
m≥0 Fm, and Γm := Gal(F∞/Fm) for any
m ≥ 0. Let Λ := Zp[[Gal(F∞/Q)]] = lim←−Zp[Gal(Fm/Q)]. We define a Λ-module
X := lim←−Am, where Am is the p-Sylow subgroup of the ideal class group of Fm and
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the projective limit is taken with respect to the norm map. We say a Λ-module M is
pseudo-null if its order is finite. Let Xfin be the largest pseudo-null Λ-submodule of
X , and X ′ := X/Xfin. We study X
′ instead of X by a technical reason (cf. Lemma
3.3).
Put ∆ := Gal(F0/Q). Since Gal(F∞/Q) ≃ ∆ × Γ0 and the order of ∆ is prime
to p, we have a decomposition Λ =
⊕
χΛχ, where χ runs through all characters
in ∆̂ := Hom(∆,Z×p ), and Λχ is a Zp-algebra isomorphic to Zp[[Γ0]] ≃ Zp[[T ]] on
which ∆ acts via χ. Then for any Λ-module M , we decompose M =
⊕
χMχ, where
Mχ := M ⊗Λ Λχ. Let annΛχ(Xfin,χ) be the annihilator of Xfin,χ as a Λχ-module.
In this paper, we study the higher Fitting ideals {FittΛχ,i(X
′
χ)}i≥0 of X
′
χ for a
non-trivial character χ ∈ ∆̂. Note that Xχ and X ′χ belong to the same pseudo-
isomorphism class, so the pseudo-isomorphism class of Xχ is determined by the family
{FittΛχ,i(X
′
χ)}i≥0 (cf. Example 3.2).
In the case of the plus-part, a problem lies in how to define the ideals which are
substitutes for the higher Stickelberger ideals because we do not have elements as the
Stickelberger elements in group rings of Galois groups. We shall define an ideal Ci of
Λ, called the higher cyclotomic ideals Ci for each i ∈ Z≥0 in §6, by using the Euler
system of cyclotomic units (cf. Definition 6.6). Roughly speaking, first, we shall
define the ideals Ci,Fm,N of the group ring RFm,N := Z/p
N [Gal(Fm/Q)] generated
by images of certain Kolyvagin derivatives κm,N(ξ) by all RFm,N-homomorphisms
F×m/(F
×
m)
pN // RFm,N , then we shall define Ci by the projective limit of them.
The goal of this paper is to prove the following theorem.
Theorem 1.1. Let χ ∈ ∆̂ be a non-trivial character.
(1) C0,χ ⊆ FittΛχ,0(X
′
χ).
(2) annΛχ(Xfin,χ) FittΛχ,i(X
′
χ) ⊆ Ci,χ for i ≥ 0.
For the case of the trivial character, see Remark 7.7. By Theorem 1.1, for i =
0, we obtain both upper and lower bounds of FittΛχ,0(X
′
χ). Since “error terms”
annΛχ(Xfin,χ) is an ideal of Λχ whose index is finite, Theorem 1.1 for i = 0 determines
the characteristic ideal of X ′χ, which is equal to the characteristic ideal of Xχ (cf.
Remark 7.9). Therefore, our theorem can be regarded as a refinement of the Iwasawa
main conjecture. We use the Iwasawa main conjecture in the proof, so we do not give
a new proof of the Iwasawa main conjecture. On the other hand, for i ≥ 1, we obtain
only upper bounds of FittΛχ,i(X
′
χ).
Theorem 1.1 gives some knowledge on the structure of the “growing-part” X ′ along
the cyclotomic Zp-extension of F0. But it gives nothing on the pseudo-null-part Xfin.
In particular, if the Greenberg conjecture holds (i.e. if Xχ is pseudo-null, for example,
see [Gr] Conjecture 3.4), then our theorem says nothing.
Remark 1.2. At the end of introduction, we remark on the case of F0. Rubin
determined the structure of A0 (cf. [Ru1], [Ru2] and [MR]). In our notation, Rubin’s
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result implies that the ideals {Ci,F0,N}i≥0 give the structure of A0,χ. For detail, see
Remark 6.11.
Notation. In this paper, we use the following notation.
We fix an algebraic closure Q of Q. In this paper, an algebraic number field is a
subfield of Q which is a finite extension of Q.
Let L/K be a finite Galois extension of algebraic number fields. Let λ be a prime
ideal of K, and λ′ a prime ideal of L above λ. We denote the completion of K at
λ by Kλ. If λ is unramified in L/K, the geometric Frobenius at λ
′ is denoted by
(λ′, L/K) ∈ Gal(L/K). (Note that some authors use the inverse of our (λ′, L/K).)
We fix a family of embeddings { ℓQ : Q
  // Qℓ }ℓ:prime satisfying a technical con-
dition (A) as follows.
(A) For any subfield K ⊂ Q which is a finite Galois extension of Q and any
element σ ∈ Gal(K/Q), there exist infinitely many prime numbers ℓ such
that ℓ is unramified in K/Q and (ℓK , K/Q) = σ, where ℓK is the prime ideal
corresponding to the embedding ℓQ|K .
We can prove the existence of a family satisfying the condition (A) by the Chebotarev
density theorem easily.
Let ℓ be a prime number. For an algebraic number field K, let ℓK be the prime
ideal of K corresponding to the embedding ℓQ|K . Then, if K1 ⊇ K2 is an extension
of algebraic number fields, we have ℓK1 |ℓK2.
For an abelian group M and a positive integer n, we write M/n in place of M/nM
for simplicity. In particular, for the multiplicative group K× of a field K, we write
K×/pN in place of K×/(K×)p
N
.
For a Λ-module M , we denote the Γm-invariants (resp. Γm-coinvariants) of M by
MΓm (resp. MΓm).
Let R be a commutative ring. For an R-module M , we define annR(M) to be
annihilator of M . Namely,
annR(M) := {a ∈ R | am = 0 for any m ∈M}.
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2. Preliminaries
In this section, we recall some preliminary results used in this paper. We use the
same notation as in §1. In particular, Fm is the maximal totally real subfield of the
cyclotomic field Q(µpm+1), and Λ = Zp[[Gal(F∞/Q)]].
2.1. Here, we briefly recall the plus-part of the Iwasawa main conjecture.
First, we recall the definition of the characteristic ideals. Let χ ∈ ∆̂ be a character.
Two Λχ-modules M and N are said to be pseudo-isomorphic and we write M ∼ N if
there is a Λχ-homomorphism M // N whose kernel and cokernel are pseudo-null.
The relation ∼ is an equivalence relation of finitely generated torsion Λχ-modules. For
a finitely generated torsion Λχ-module M , there exists a finite sequence f1, f2, . . . , fn
of non-zero elements of Λχ such that fi divides fi+1 for 1 ≤ i ≤ n − 1 and M ∼⊕n
i=1 Λχ/fiΛχ. We define the characteristic ideal charΛχ(M) of M by
charΛχ(M) := f1f2 · · · fnΛχ.
Note that characteristic ideals are well-defined and depend on the pseudo-isomorphism
classes.
To state the Iwasawa main conjecture, we next recall some preliminary results on
unit groups.
For a subgroup M of the unit group O×Fm, we define M
1 by
M1 := {a ∈M | a ≡ 1 (mod pm)}.
When M = O×Fm , we write O
1
Fm in place of (O
×
Fm
)1.
We write Fpm for the completion of Fm at the place pm. For a subset M of Fm, let
M denote the closure of M in Fpm . Let CFm be the group of cyclotomic units of Fm
(cf. [CS] Definition 4.3.1 or [Wa] §8.1). We define
O1∞ := lim←−O
1
Fm
,
C1∞ := lim←−C
1
Fm
,
where the projective limit is taken with respect to the norm map.
Proposition 2.1. (1) The Λ-module X is finitely generated torsion.
(2) The Λ-module O1∞ is free of rank 1.
(3) The Λ-module C1∞ is free of rank 1.
Proof. The first assertion is a special case of [Wa] Lemma 13.18. The second assertion
is [CS] Theorem 4.7.1. For the last assertion, see the proof of [CS] Theorem 4.4.1. 
Note that by Proposition 2.1 (2) and (3), the χ-part (O1∞/C
1
∞)χ = (O
1
∞)χ/(C
1
∞)χ is
a finitely generated torsion Λχ-module. Then, by the Proposition 2.1, we can consider
charΛχ(Xχ) and charΛχ
(
(O1∞/C
1
∞)χ
)
. The statement of the Iwasawa main conjecture
is the following:
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charΛχ(Xχ) = charΛχ
(
(O1∞/C
1
∞)χ
)
for any character χ ∈ ∆̂.
2.2. Here, we recall some results on Γm-coinvariants (or invariants) of certain Λ-
modules. They play important roles in the technical aspects in this paper. In partic-
ular, we need them when we determine “error terms” in Theorem 1.1.
Proposition 2.2 (a special case of [Wa] Proposition 13.22). Let m be an integer with
m ≥ 0. Then, we have the canonical isomorphism
XΓm ≃ Am.
For each m ≥ 0, we define
N∞(O
×
Fm
) :=
⋂
n≥m
NFn/Fm(O
×
Fn
),
N∞(O
1
Fm) :=
⋂
n≥m
NFn/Fm(O
1
Fn),
and
N∞(O1Fm) :=
⋂
n≥m
NFpn/Fpm (O
1
Fn
).
Note that we have N∞(O1Fm) = N∞(O
1
Fm
).
Proposition 2.3. Let m be an integer with m ≥ 0.
(1) The canonical homomorphism pr(m,C) : (C1∞)Γm
// C1Fm is surjective. The
kernel of pr(m,C) is isomorphic to Zp with the trivial action of Gal(F∞/Q).
([CS] Theorem 4.6.3.)
(2) The image of the canonical homomorphism pr(m,O1) : (O1∞)Γm
// O1Fm is
N∞(O1Fm). The kernel of pr(m,O
1) is isomorphic to Zp with the trivial action
of Gal(F∞/Q). ([CS] Theorem 4.7.4.)
The following corollary immediately follows from Proposition 2.3.
Corollary 2.4. For all m ≥ 0 and non-trivial character χ ∈ ∆̂, we have the following
canonical isomorphisms of Zp[Gal(Fm/Q)]-modules:
(1) (C1∞)Γm,χ ≃ (C
1
Fm
)χ;
(2) (O1∞)Γm,χ ≃ N∞(O
1
Fm
)χ.
Proposition 2.5 ([CS] Theorem 4.7.6). For all m ≥ 0, we have the canonical iso-
morphism of Zp[Gal(Fm/Q)]-modules
XΓm ≃ O1Fm/N∞(O
1
Fm
).
Corollary 2.6. The Λ-module O1Fm/N∞(O
1
Fm
) is annihilated by annΛ(Xfin).
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Proof of Corollary 2.6. Since XΓm is isomorphic to the finite group Am by Proposition
2.2, the Λ-module XΓm is pseudo-null. Then, XΓm is contained in Xfin. Hence
Corollary 2.6 follows from Proposition 2.5. 
Remark 2.7. By Leopoldt’s conjecture for Fm (cf. [Wa] Corollary 5.32), we have the
natural isomorphism
O1Fm ⊗ Zp
≃ // O1Fm .
Then, we have the following isomorphisms:
(1) O×Fm ⊗ Zp O
1
Fm ⊗ Zp
≃oo ≃ // O1Fm;
(2) N∞(O
×
Fm
)⊗ Zp N∞(O
1
Fm)⊗ Zp
≃oo ≃ // N∞(O1Fm);
(3) C×Fm ⊗ Zp C
1 ⊗ Zp
≃oo ≃ // C1Fm.
3. Fitting ideals
Here, we recall the notion of higher Fitting ideals.
Definition 3.1 (Higher Fitting ideals, see [No] §3.1). Let R be an commutative ring,
and M be a finitely presented R-module. Let
Rm
f // Rn // M // 0
be an exact sequence of R-modules. For each i ≥ 0, we define the i-th Fitting ideal
FittR,i(M) as follows. When 0 ≤ i < n and m ≥ n − i, we define FittR,i(M) to be
the ideal of R generated by all (n− i) × (n− i) minors of the matrix corresponding
to f . When 0 ≤ i < n and m < n − i, we define FittR,i(M) := 0. When i ≥ n, we
define FittR,i(M) := R. The definition of these ideals depends only on M , and does
not depend on the choice of the above exact sequence.
For a finitely presented R-module M , we have the following sequence of ideals of
R:
FittR,0(M) ⊆ FittR,1(M) ⊆ · · · ⊆ FittR,n(M) = FittR,n+1(M) = · · · = R.
We denote the smallest number of generators of an R-module M by νR(M). If
FittR,n(M) 6= R, then νR(M) ≥ n + 1. Note that when R is a local ring or PID, we
have νR(M) = i+ 1 if and only if FittR,i(M) 6= R and FittR,i+1(M) = R.
Example 3.2. Let R = Zp[[T ]] andM a finitely generated torsion R-module. Assume
M ∼
n⊕
i=1
R/fiR
and fi divides fi+1 for 1 ≤ i ≤ n − 1. Then, for each i with i ≥ 0, there exists an
ideal Ii with finite index in R such that
FittR,i(M) =
{
(
∏n−i
k=1 fk
)
Ii (if i < n)
Ii (if i ≥ n)
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(cf. [Ku] Lemma 8.2). This implies that the family {FittR,i(M)}i≥0 of Fitting ideals
of M determines the pseudo-isomorphism class of M .
We need the following lemma in the proof of Theorem 1.1.
Lemma 3.3 (for example, see [Ku] Theorem 8.1). Let R = Zp[[T ]] and M a finitely
generated torsion R-module. SupposeM contains no non-trivial pseudo-null R-submodule.
Then, there exists an exact sequence
0 // Rn // Rn // M // 0
for some integer n > 0, and we have
FittR,0(M) = charR(M).
4. The Euler system of cyclotomic units
We first recall some basic results on the Euler system of cyclotomic units in §§4.1-
4.3. Then, in §4.4, we define Kurihara’s elements xν,q ∈ (F×m/p
N)χ, which play a key
role in the proof of Theorem 1.1 (cf. Definition 4.16).
4.1. We fix a primitive pm+1-st root of unity ρm ∈ Q(µpm+1) for each m ≥ 0 such
that ρpm+1 = ρm, and a topological generator e ∈ Z>0 of Z
×
p . We have the following
lemma.
Lemma 4.1 ([Wa] Lemma 8.1). We define the element cyc(ρm) of CFm by
cyc(ρm) :=
ρ
−e/2
m − ρ
e/2
m
ρ
−1/2
m − ρ
1/2
m
.
Then, the Z[Gal(Fm/Q)]-module CFm is generated by ±cyc(ρm).
Corollary 4.2 ([CS] Lemma 4.3.4 ). The Λ-module C1∞ is generated by
(
u·cyc(ρm)
)
m≥0
,
where u is a (p− 1)-st root of unity in Qp such that eu ≡ 1 (mod p).
For an integer N ≥ 1, we define
SN :=
{
ℓ | ℓ is a prime number not dividing e, and ℓ ≡ 1 (mod pN)
}
,
NN :=
{ r∏
i=1
ℓi | r > 0, ℓi ∈ SN (i = 1, . . . , r), and ℓi 6= ℓj if i 6= j
}
∪ {1},
and for any algebraic number field K, we define
SN(K) := {ℓ ∈ SN | ℓ splits completely in K/Q},
NN(K) :=
{ r∏
i=1
ℓi | r > 0, ℓi ∈ SN(K) (i = 1, . . . , r), and ℓi 6= ℓj if i 6= j
}
∪ {1}.
For n =
∏r
i=1 ℓi ∈ NN (ℓi ∈ SN for i = 1, . . . , r), we define ǫ(n) := r.
8 TATSUYA OHSHITA
Definition 4.3. For n ∈ NN and ζ ∈ µpm+1n\{1}, we define
cyc(ζ) :=
ζ−e/2 − ζe/2
ζ−1/2 − ζ1/2
∈ Fm(n),
where Fm(n) denotes the maximal totally real subfield of Q(µpm+1n).
We obtain the following lemma immediately.
Lemma 4.4. Let n ∈ NN .
(1) Let ℓ ∈ SN , and assume ℓ does not divide n. Let ζℓ ∈ µℓ be a primitive ℓ-th
root of unity, and ξ ∈ µpm+1n\{1}. Then
NFm(nℓ)/Fm(n)
(
cyc(ζℓξ)
)
=
cyc(ξℓ)
cyc(ξ)
.
(2) Let ξ ∈ µn. Then
NFm+1(n)/Fm(n)
(
cyc(ρm+1ξ)
)
= cyc(ρmξ
p).
4.2. From now on, we assume N ≥ m+1. Let n ∈ NN . In this subsection, we shall
define an element κ(ξ) ∈ F×m/p
N called Kolyvagin derivative for any primitive ξ ∈ µn.
(In fact, we will define more general one. See Definition 4.8).
For an integer n prime to p, we write n =
∏r
i=1 ℓ
ei
i such that ℓ1, . . . , ℓr are distinct
prime numbers and ei > 0 for each i. We define Fm(n) to be the maximal totally real
subfield of Q(µpm+1n), and HFm,n := Gal
(
Fm(n)/Fm
)
. Then, for any m ≥ 0, we have
canonical isomorphisms
HFm,n = Gal
(
Fm(n)/Fm
)
≃ Gal
(
Q(µpm+1n)/Q(µpm+1)
)
≃ Gal
(
Q(µn)/Q
)
≃ Gal
(
Q(µe1ℓ1 )/Q
)
× · · · ×Gal
(
Q(µerℓr )/Q
)
≃ Hℓe11 × · · · ×Hℓ
er
r
.
For all m with m ≥ 0, we identify HFm,n with HF0,n by canonical isomorphisms, and
put Hn := HF0,n.
Recall Hℓ is a cyclic group of order ℓ − 1 if ℓ is a prime number. We shall take a
generator σℓ of Hℓ for each prime number ℓ ∈ SN as follows. Let ℓ ∈ SN . We put
N{ℓ} := ordp(ℓ − 1), where ordp is the normalized additive valuation of ℓ, namely,
ordp(p) = 1. Then, we have N{ℓ} ≥ N ≥ 1. By the fixed embedding ℓQ : Q →֒
Qℓ, we regard µpN{ℓ} as a subset of Qℓ. We identify Gal
(
Qℓ(µℓ)/Qℓ
)
with Hℓ =
Gal
(
Q(µℓ)/Q
)
by the canonical isomorphism. Let K be the maximal p-extension
field of Fm contained in Fm(ℓ), and π the prime element of KℓK . We fix a generator
σℓ of Hℓ such that
πσℓ−1 ≡ ρN{ℓ}−1 (mod ℓK),
where ℓK is the maximal ideal of KℓK , and ρN{ℓ}−1 is a primitive p
N{ℓ}-th root of unity
defined as above. Note that the definition of σℓ does not depend on the choice of π.
Let n ∈ NN . We define the following elements of the group ring Z[Hn].
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Definition 4.5. Let n =
∏r
i=1 ℓi ∈ NN such that ℓi ∈ SN for i = 1, . . . , r. We define
Dℓi :=
ℓi−2∑
k=1
kσkℓi ∈ Z[Hℓi] ⊆ Z[Hn]
for i = 1, . . . , r, and
Dn :=
r∏
i=1
Dℓi ∈ Z[Hn].
In order to define κ(ξ), we need the following two well-known Lemmas.
Lemma 4.6. Let n1, n2 ∈ NN satisfying (n1, n2) = 1. We put n = n1n2. Then, the
canonical map Fm(n1)
×/pN //
(
Fm(n)
×/pN
)Hn2 is isomorphism.
Lemma 4.7. Let n1, n2 ∈ NN . Assume ℓ ∈ SN
(
Fm(n1)
)
for each prime divisor ℓ of
n2. Namely, ℓ ≡ 1 (mod pNn1) for each prime divisor ℓ of n2. We put n = n1n2.
Let ξn1 ∈ µn1 be a primitive n1-st root of unity, and ξn2 ∈ µn2 a primitive n2-nd
root of unity. Then, the image of cyc(ρmξn1ξn2)
Dn2 in Fm(n)
×/pN is fixed by Hn2 =
Gal
(
Fm(n)/Fm(n1)
)
.
Definition 4.8. Let n1, n2 ∈ NN . Assume ℓ ∈ SN
(
Fm(n1)
)
for each prime divisor of
n2. We put n = n1n2. Let ξ ∈ µn be a primitive n-th root of unity. We define
κn1m,N (ξ) ∈ Fm(n1)
×/pN
to be the unique element of Fm(n1)
×/pN such that its image in Fm(n)
×/pN is the
class of cyc(ρmξ)
Dn2 . When no confusion arises, we denote κn1m,N(ξ) by κ
n1(ξ) for
simplicity.
When n1 = 1, the element κ
1(ξ) ∈ F×m/p
N is denoted by κ(ξ).
4.3. Let RFm,N := Z/p
N [Gal(Fm/Q)]. Let χ ∈ ∆̂ be a character. We define
RFm,N,χ := Z/p
N [Gal(Fm)/Q]χ to be the χ-part of RFm,N . Namely, RFm,N,χ is the
ring isomorphic to Z/pN [Gal(Fm/F0)] on which ∆ acts via χ. Obviously, we have
RFm,N = ΛΓm/p
N , RFm,N,χ = Λχ,Γm/p
N and RFm,N =
⊕
χ∈∆̂
RFm,N,χ,
where ΛΓm (resp. Λχ,Γm) denotes the Γm-coinvariant of Λ (resp. Λχ). For a RFm,N -
module M and an element x ∈M , we denote the χ-component of x by xχ ∈Mχ.
As in [Ku] §2.3, in this subsection, we shall define two homomorphisms
[·]ℓFm,N,χ : (F
×
m/p
N)χ // RFm,N,χ
for each ℓ ∈ SN (cf. Definition 4.9), and
φ¯ℓFm(n),N,χ : (Fm(n)
×/pN)χ // RFm,N,χ[Hn]
for each n ∈ NN and ℓ ∈ SN
(
Fm(n)
)
(cf. Definition 4.10). The homomorphism
[·]ℓFm,N,χ is defined by the valuations of the places above ℓ, and φ¯
ℓ
Fm(n),N,χ
is defined
by the local reciprocity maps.
10 TATSUYA OHSHITA
First, we define [·]ℓFm,N,χ. Let K be an algebraic number field. We define IK to be
the group of fractional ideals of K, and we write its group law additively. We define
the homomorphism (·)K : K× // IK by
(x)K =
∑
λ
ordλ(x)λ,
where λ runs through all prime ideals of K, and ordλ is the normalized valuation of
λ. For any prime number ℓ, we define IℓK to be the subgroup of IK generated by all
prime ideals above ℓ. Then, we define (·)ℓK : K
× // IℓK by
(x)ℓK =
∑
λ|ℓ
ordλ(x)λ.
Recall that we fix a family of embeddings { ℓQ : Q
  // Qℓ }ℓ:prime (cf. §1 Notation),
and we denote the ideal of K corresponding to the embedding ℓQ|K by ℓK for each
prime number ℓ and algebraic number field K. Assume ℓ ∈ SN (K) and K/Q is Galois
extension. Then, IℓK is a free Z[Gal(K/Q)]-module generated by ℓK , and we iden-
tify IℓK with Z[Gal(K/Q)] by the isomorphism ι : Z[Gal(K/Q)]
≃ // IℓK defined by
x 7−→ x · ℓK for x ∈ Z[Gal(K/Q)]. The composition K× // IℓK
ι−1 // Z[Gal(K/Q)]
is also denoted by (·)ℓK .
Definition 4.9. We define the RFm,N,χ-homomorphism
[·]Fm,N,χ : (F
×
m/p
N)χ // (IFm/p
N)χ
to be the homomorphism induced by (·)ℓFm : F
×
m
// IFm .
Let ℓ ∈ SN . We define the RFm,N,χ-homomorphism
[·]ℓFm,N,χ : (F
×
m/p
N)χ // RFm,N,χ = Z/p
N [Gal(Fm/Q)]χ
to be the homomorphism induced by (·)ℓFm : F
×
m
// Z[Gal(Fm/Q)] .
Second, we will define φ¯ℓFm(n),N,χ. Let n ∈ NN , and ℓ ∈ SN (Fm(n)). Since we
assume N ≥ m + 1, the prime number ℓ splits completely in Fm(n)/Q, and we have
Fm(n)λ = Qℓ for any prime ideal λ of Fm(n) above ℓ. We regard the group Q
×
ℓ as a
Z[Gal(Fm/Q)]-module with the trivial action of Gal(Fm/Q), and groups
⊕
λ|ℓ Fm(n)
×
λ
and
⊕
λ|ℓHℓ are regarded as Z[Gal(Fm/Q)]-modules by the identification⊕
λ|ℓ
Fm(n)
×
λ = I
ℓ
Fm(n) ⊗Z Q
×
ℓ and
⊕
λ|ℓ
Hℓ = I
ℓ
Fm(n) ⊗Hℓ,
respectively.
We denote by
φQℓ : Q
×
ℓ
// Gal
(
Qℓ(µℓ)/Qℓ
)
= Gal
(
Q(µℓ)/Q
)
= Hℓ
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the reciprocity map of local class field theory defined by φQℓ(ℓ) = (ℓQ(µℓ),Q(µℓ)/Q).
The homomorphism
φ ℓFm(n) : Fm(n)
× // Z[Gal(Fm(n)/Q)]⊗Hℓ
is defined to be the composition of the three homomorphisms of Z[Gal(Fm(n)/Q)]-
modules:
diag : Fm(n)
× //
⊕
λ|ℓ Fm(n)
×
λ ,
⊕φQℓ :
⊕
λ|ℓ Fm(n)
×
λ
//
⊕
λ|ℓHℓ,
ι−1H :
⊕
λ|ℓHℓ
≃ // Z[Gal(Fm(n)/Q)]⊗Hℓ,
which are defined as follows:
(1) the first homomorphism diag is the diagonal inclusion;
(2) the second homomorphism ⊕φQℓ is the direct sum of the reciprocity maps;
(3) the third isomorphism ι−1H is the inverse of the isomorphism
ιH : Z[Gal(Fm(n)/Q)]⊗Hℓ
≃ //
⊕
λ|ℓHℓ = I
ℓ
Fm(n)
⊗Hℓ,
which is induced by the above isomorphism
ι : Z[Gal(Fm(n)/Q)]
≃ // IℓFm(n)
given by x 7−→ x · ℓFm(n).
Definition 4.10. Let n ∈ NN , and ℓ ∈ SN(Fm(n)). We define
φℓFm(n),N,χ : (Fm(n)
×/pN)χ // Z/pN [Gal(Fm(n)/Q)]χ ⊗Hℓ
to be the homomorphism of RFm,N,χ[Hn]-modules induced by φ
ℓ
Fm(n)
. The choice of a
generator σℓ of Hℓ induces the RFm,N,χ[Hn]-homomorphism
φ¯ℓF (n)m,N,χ : (F (n)
×
m/p
N)χ // Z[Gal(Fm(n)/Q)]χ = RFm,N,χ[Hn] .
Next, we shall prove some formulas of the Euler system of cyclotomic units. We
fix a primitive ℓ-th root of unity ξℓ for each ℓ ∈ SN . For each n ∈ NN , we define a
primitive n-th root of unity by
ξn =
∏
ℓ∈SN
ℓ|n
ξℓ.
As in [Ku], we use the notion well-ordered.
Definition 4.11. Let n ∈ NN . We call n well-ordered if and only if n has a factor-
ization n =
∏r
i=1 ℓi such that ℓi+1 ∈ S(Fm(
∏i
j=1 ℓj)) fori = 1, . . . , r. In other words,
n is well-ordered if and only if n has a factorization n =
∏r
i=1 ℓi such that
ℓi+1 ≡ 1 (mod p
N
i∏
j=1
ℓj)
for i = 1, . . . , r − 1.
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Proposition 4.12. Let n be an integer contained in NN .
(1) If λ is a prime ideal of K not dividing n, the λ-component of [κ(ξn)χ]Fm,N,χ is
0. In particular, if q ∈ SN is a prime number not dividing n, we have
[κ(ξn)χ]
q
Fm,N,χ
= 0.
(2) Let ℓ be a prime number dividing n. Then,
[κ(ξn)χ]
ℓ
Fm,N,χ = −φ¯
ℓ
Fm,N,χ(κ(ξn/ℓ)χ).
(3) If n is well-ordered, then
φ¯ℓFm,N,χ(κ(ξn)χ) = 0
for each prime number ℓ dividing n. (See [MR] Theorem A.4.)
Remark 4.13. The third assertion of Proposition 4.12 is cyclotomic unit version of
Lemma 5.3 in [Ku], and also a special case of [MR] Theorem A.4. In this paper, using
the argument in [Ku], we shall directly give a proof of Proposition 4.12 (3).
Proof. Let us prove Proposition 4.12.
We prove the first assertion. If λ is a prime ideal of Fm not dividing pn, the λ-
component of [κ(ξn)χ]Fm,N,χ is 0 since Fm(n)/Fm is unramified outside pn. Let pm be
the (unique) prime ideal of Fm above p, and P a prime ideal of Fm(n) above pm. The
ramification index of P/p is 2. Since p 6= 2, the pm-component of [κ(ξn)χ]Fm,N,χ is 0.
The proof of the first assertion is complete.
The second assertions is [CS] Theorem 5.4.9. Note that lℓ := −φ¯
ℓ
Fm,N,χ is used in
[CS] instead of our φ¯ℓFm,N,χ.
We shall prove the third assertion. Assume n =
∏r
i=1 ℓi ∈ NN , where ℓ1, . . . , ℓr are
distinct prime numbers, and ℓi+1 ≡ 1 (mod pN
∏i
j=1 ℓj) for each i = 1, . . . , r− 1. We
put n1 :=
∏i−1
j=1 ℓj. Note ℓ1 ∈ SN(Fm(n)). It is sufficient to prove the following claim.
Claim 4.14. φ¯ℓiFm(n1),N,χ
(
κn1(ξn)
)
= 0.
Let λ be a prime ideal of Fm(n1) above ℓi, and λ
′ the prime of Fm(n1ℓi) above λ.
Let π′ be a prime element of Fm(n1ℓi)λ′ . We take the prime element π of Fm(n1)λ
defined by
π := NFm(n1ℓi)λ′/Fm(n1)λ(π
′).
We have a decomposition Fm(n1)
×
λ /p
N = U × P as a group, where U is the image
of the unit group of Fm(n1ℓi)λ and P is the cyclic subgroup generated by the image
of π. Both group U and P are cyclic groups of order pN . The group U is generated
by the image of a pNℓi -th root of unity in Fm(n1)λ.
Similarly, we have the decomposition Fm(n1ℓi)
×
λ′/p
N = U ′×P ′ as a group, where U ′
is the image of the unit group of Fm(n1ℓi)λ′ and P
′ is the cyclic subgroup generated
by the image of π′. Both group U ′ and P ′ are cyclic groups of order pN with the
action of Hℓi.
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We consider the homomorphism φQℓ,N : Fm(n1)
×
λ /p
N = Q×ℓ /p
N // Hℓ ⊗ Z/pNZ
induced by φQℓ . By local class field theory, the kernel of φQℓ,N is P . On the other
hand, the kernel of the natural homomorphism ι : Fm(n1)
×
λ /p
N // Fm(n1ℓi)
×
λ′/p
N
is also P . Then, we have ker φQℓ,N = ker ι.
We shall show that ι
(
κn1(ξn)
)
= 1. Let λ′′ be a prime ideal of Fm(n) above λ.
Since Fm(n)λ′′/Fm(n1)λ is unramified and cyc(ρmξn) is a unit in Fm(n)λ′′ , the element
κn1ℓi(ξn) is contained in U
′. Then, the action of Hℓi on κ
n1ℓi(ξn)
Dℓi ∈ Fm(n1ℓi)λ′/p
N
is trivial, and we have
ι
(
κn1(ξn)
)
= κn1ℓi(ξn)
Dℓi
= κn1ℓi(ξn)
∑ℓi−2
k=1 kσ
k
ℓi
= κn1ℓi(ξn)
(ℓi−1)(ℓi−2)/2
= 1
in Fm(n1ℓi)
×
λ′/p
N . The proof of Claim 4.14 and Proposition 4.12 (3) is complete. 
4.4. In this subsection, we will define the Kurihara’s elements xν,q ∈ (F×m/p
N)χ which
become a key of the proof of Theorem 1.1.
Definition 4.15. Let qν = q
∏r
i=1 ℓi ∈ NN , where q, ℓ1, . . . , ℓr are distinct prime
numbers. For a positive integer d dividing ν, we define κ˜d,q ∈ (F×m/p
N)χ ⊗ (
⊗
ℓ|dHℓ)
by
κ˜d,q := κ(ξq
∏
ℓ|d
ξℓ)χ ⊗
(⊗
ℓ|d
σℓ
)
.
Let qν ∈ NN and assume qν is well-ordered. Assume that for each prime number
ℓ dividing ν, an element aℓ ∈ RFm,N,χ ⊗ Hℓ is given. Then, we have an element
a¯ℓ ∈ RFm,N,χ such that aℓ = a¯ℓ ⊗ σℓ. Note that we will take {aℓ}ℓ|ν explicitly later,
but here, we take arbitrary one.
For a positive integer d dividing ν, we define the element ad by
ad :=
⊗
ℓ|d
aℓ ∈ RFm,N,χ ⊗
(⊗
ℓ|d
Hℓ
)
,
and the element a¯d ∈ RFm,N,χ by
ad = a¯d ⊗
(⊗
ℓ|d
σℓ
)
.
Note that we write the group law of (F×m/p
N)χ ⊗
(⊗
ℓ|dHℓ
)
multiplicatively.
Definition 4.16. We define the element x˜ν,q by
x˜ν,q :=
∏
d|ν
ad ⊗ κ˜ν/d,q ∈ (F
×
m/p
N)χ ⊗
(⊗
ℓ|d
Hℓ
)
.
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Note that we naturally identify the RFm,N,χ-module (F
×
m/p
N)χ ⊗
(⊗
ℓ|dHℓ
)
with
(F×m/p
N)χ ⊗RFm,N,χ RFm,N,χ ⊗
(⊗
ℓ|d
Hℓ
)
.
The element xν,q ∈ (F×m/p
N)χ is defined by
x˜ν,q = xν,q ⊗
(⊗
ℓ|ν
σℓ
)
.
The following formulas follows from Proposition 4.12 easily.
Proposition 4.17 (cf. [Ku] Proposition 6.1). Let qν ∈ NN and we assume that qν
is well-ordered.
(1) If λ is a prime ideal of K not dividing n, the λ-component of [xν,q]Fm,N,χ is 0.
In particular, if s is a prime number not dividing qν, we have
[xν,q]
s
Fm,N,χ = 0.
(2) Let ℓ be a prime number dividing ν. Then, we have
[xν,q]
ℓ
Fm,N,χ = −φ¯
ℓ
Fm,N,χ(xν/ℓ,q).
(3) Let ℓ be a prime number dividing ν. Then, we have
φ¯ℓFm,N,χ(xν,q) = a¯ℓφ¯
ℓ
Fm,N,χ(xν/ℓ,q).
5. An application of the Chebotarev density theorem
Recall that we fix a family of embeddings { ℓQ : Q
  // Qℓ }ℓ:prime satisfying the
technical condition (A) for families of embeddings as follows.
(A) For any subfield K ⊂ Q which is a finite Galois extension of Q and any
element σ ∈ Gal(K/Q), there exist infinitely many prime numbers ℓ such that
ℓ is unramified in K/Q and (ℓK , K/Q) = σ, where ℓK is the prime ideal of K
corresponding to the embedding ℓQ|K.
Note that the existence of such a family of embeddings follows from the Chebotarev
density theorem. We need the condition (A) in the proof of Proposition 5.1.
Here, we shall prove Proposition 5.1, which is the key of induction argument in the
proof of Theorem 1.1. This proposition corresponds to Lemma 9.1 in [Ku].
Proposition 5.1. Let χ ∈ ∆̂ be a non-trivial character. Assume qn = q
∏r
i=1 ℓi ∈
NN , where q, ℓ1, . . . , ℓr are prime numbers. Suppose the following are given:
• an element τi ∈ RFm,N,χ ⊗Hℓi for each i = 1, . . . , r;
• a finite RFm,N,χ-submodule W of (F
×
m/p
N)χ;
• a RFm,N,χ-homomorphism λ : W // RFm,N,χ.
Then, there exist infinitely many q′ ∈ SN (Fm(n)) which have the following properties:
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(1) the class of q′Fm in Am,χ coincides with the class of qFm;
(2) there exists an element z ∈ (F×m ⊗ Zp)χ such that
(z)Fm,χ = (q
′
Fm − qFm)χ ∈
(
IFm ⊗ Zp
)
χ
,
and
φℓiFm,N,χ(z) = τi
for each i = 1, . . . , r;
(3) the group W is contained in the kernel of [·]q
′
Fm,N,χ
, and
λ(x) = φ¯q
′
Fm,N,χ
(x)
for any x ∈ W .
Proof. We shall prove Proposition 5.1 by four steps, using argument as in [Ku].
The first step. Here, we first define a field Fm{n}χ, which is finite Galois over Fm.
Then, we take an element σ ∈ Gal
(
K/Q(µnpN )
)
corresponding to the conditions(1)
and (2) of Proposition 5.1, where K := Fm{n}χQ(µnpN ) is the composition field.
Let v be a prime ideal of Fm. We denote the ring of integers of the completion Fm,v
of Fm at v by OFm,v , and define the subgroup O
1
Fm,v of O
×
Fm,v
by
O1Fm,v := {x | x ≡ 1 (mod v¯)},
where v¯ is the maximal ideal of OFm,v . We denote the residue field of Fm at v by
k(v).
Let Fm{n} be the maximal abelian p-extension of Fm unramified outside n. By
global class field theory, we have the isomorphism
(
∏
v|n F
×
m,v/O
1
Fm,v)× (
⊕
u∤n F
×
m,u/O
×
Fm,u
)
F×m
⊗ Zp
≃ // Gal
(
Fm{n}/Fm
)
,
where u runs all finite places outside n. This isomorphism induces the homomorphism
ι :
⊕
v|n k(v)
× ⊗ Zp // Gal
(
Fm{n}/Fm
)
.
Taking the χ-part, we obtain the homomorphism
ιχ :
(⊕
v|n k(v)
× ⊗ Zp
)
χ
// Gal
(
Fm{n}/Fm
)
χ
of Zp[Gal(Fm/Q)]χ-modules. We denote by Fm{n}χ the intermediate field of Fm{n}/Fm
with Gal
(
Fm{n}χ/Fm
)
= Gal(Fm{n}/Fm)χ.
Recall n =
∏r
i=1 ℓi, and all prime divisors ℓi of n split completely in Fm/Q. By
local Artin maps, we obtain the isomorphism(⊕
v|n k(v)
× ⊗ Zp
)
χ
≃ //
⊕r
ı=1
(
Zp[Gal(Fm/Q)]χ · ℓi,Fm
)
⊗Hℓi,
and we identify them by this isomorphism. We take an element
τχ = (τχ,v)v|n ∈
(⊕
v|n
k(v)× ⊗ Zp
)
χ
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whose image in
⊕r
ı=1(RFm,N,χ · ℓi,Fm)⊗Hℓi is (τ1 · ℓ1,Fm, . . . , τr · ℓr,Fm).
Let K := Fm{n}χQ(µpNn) be the composition field. Since the subgroup ∆ of
Gal(Fm/Q) acts on Gal
(
Fm{n}χ/Fm
)
(resp. Gal
(
FN−1(n)/Fm
)
) via χ (resp. trivial
character) and χ is non-trivial, we have
Fm{n}χ ∩Q(µnpN ) = Fm{n}χ ∩ FN−1(n) = Fm.
Then, we take the element σ ∈ Gal
(
K/Q(µnpN )
)
such that
σ|Fm{n}χ = ιχ(τχ)
−1(qFm{n}χ , Fm{n}χ/Fm).
The second step. Here, we shall take an element λ′ ∈ Gal
(
L/Q(µpN )
)
correspond-
ing to the condition (3) of Proposition 5.1, where L is the extension field of Q(µpN )
generated by all pN -th roots of elements contained in W .
We define a projection pr : RFm,N // Z/p
NZ by∑
g∈Gal(Fm/Q)
agg 7−→ a1,
where ag ∈ Z/pNZ for all g ∈ Gal(Fm/Q), and 1 ∈ Gal(Fm/Q) is the unit. We define
λ′ ∈ Hom(W,µpN ) by x 7−→ ρ
pr◦λ(x)
N−1 for all x ∈ W . (Recall ρN−1 is a primitive p
N -th
root of unity defined in §4.1.) We use the following well-known lemma.
Lemma 5.2. Let P : HomRFm,N,χ(W,RFm,N,χ)
// Hom(W,Z/pNZ) be the map given
by f 7−→ pr ◦ f . Then, P is bijective.
Indeed, the inverse of P is given by
h 7−→
(
x 7−→
∑
g∈Gal(Fm/Q)
h(g−1x)g
)
∈ HomRFm,N,χ(W,RFm,N,χ),
for h ∈ Hom(W,Z/pNZ). Note that ∆ acts on W via χ, so we have
HomRFm,N (W,RFm,N) = HomRFm,N,χ(W,RFm,N,χ).
The natural homomorphism
W ⊂ (F×m/p
N)χ //
(
Q(µpN )
×/pN
)
χ
is injective since we have H1
(
Gal
(
Q(µpN )/Fm
)
, µpN
)
χ
= 0. So, we regard W as a
subgroup of
(
Q(µpN )
×/pN
)
χ
. Let L be the extension field of Q(µpN ) generated by all
pN -th roots of elements of F×m whose image in F
×
m/p
N is contained in W . We consider
the Kummer pairing
Gal
(
L/Q(µpN )
)
×W // µpN .
This pairing induces the isomorphism Hom(W,µpN ) ≃ Gal
(
L/Q(µpN )
)
. We regard
λ′ as an element of Gal
(
L/Q(µpN )
)
by this isomorphism.
The third step. Here, we show that K ∩ L = Q(µpN ).
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Since we have the natural isomorphism
Gal
(
Q(µpN )/Q
)
≃ Gal
(
Q(µp)/Q
)
×Gal
(
Q(µpN )/Q(µp)
)
,
we regard Gal
(
Q(µp)/Q
)
as a subgroup of Gal
(
Q(µpN )/Q
)
. Let c ∈ Gal
(
Q(µp)/Q
)
be the complex conjugation. Namely, c is the unique element of Gal
(
Q(µpN )/Q
)
of
order 2. Since KL/Q(µpN ) is an abelian p-extension, we regard Gal
(
KL/Q(µpN )
)
as
a Zp[Gal(Q(µpN )/Q)]-module. We have a decomposition
Gal
(
KL/Q(µpN )
)
= Gal
(
KL/Q(µpN )
)
+
×Gal
(
KL/Q(µpN )
)
−
,
where Gal
(
KL/Q(µpN )
)
+
(resp. Gal
(
KL/Q(µpN )
)
−
) denotes the subgroup of
Gal
(
KL/Q(µpN )
)
on which c acts trivially (resp. by −1).
The element c acts on Gal
(
K/Q(µpN )
)
trivially since K is the extension field of
Q(µpN ) generated by all elements of Fm{n}χFm(n), which is totally real. On the
other hand, The element c acts on Gal
(
L/Q(µpN )
)
by −1 since Gal
(
Q(µp)/Q
)
acts
on Gal
(
L/Q(µpN )
)
via the character χ−1ω, where ω ∈ Hom
(
Gal
(
Q(µp)/Q
)
, µp−1
)
is the Teichmu¨ler character. Hence we have
K ∩ L = Q(µpN ).
The fourth step. We shall complete the proof.
By the third step and the condition (A), there exists infinitely many prime numbers
q′ such that {
(q′K , K/Q) = σ
(q′L, L/Q) = λ
′.
We shall prove that each of such q′ unramified in L/Q satisfies conditions (1)-(3) of
Proposition 5.1.
First, we show q′ satisfies conditions (1) and (2). Let α = (αv)v ∈ A
×
Fm
be an idele
whose q′Fm-component is a prime element of Fm,q′Fm , and other components are 1. Let
β = (βv)v ∈ A
×
Fm
be an idele such that the qFm-component is a prime element of
Fm,qFm , the
∏
v|n F
×
m,v-component is τ˜
−1
χ which is a lift of τ
−1
χ ∈
(∏
v|n k(v)
× ⊗ Zp
)
χ
in
∏
v|nO
×
Fm,v
, and other components are 1. By definition, ideles α and β have the
same image in(
(
∏
v|n F
×
m,v/O
1
Fm,v)× (
⊕
u∤n F
×
m,u/O
×
Fm,u
)
F×m
⊗ Zp
)
χ
≃ Gal
(
Fm{n}χ/Fm
)
.
This implies there exist z ∈ (F×m ⊗ Zp)χ such that
α = zβ in
((
(
∏
v|n
F×m,v/O
1
Fm,v)× (
⊕
u∤n
F×m,u/O
×
Fm,u
)
)
⊗ Zp
)
χ
.
Hence, we have (z)Fm,χ = (q
′
Fm−qFm)χ, and φ
ℓi
Fm,N,χ
(z) = τi for each i = 1, . . . , r. The
prime number q′ satisfies conditions (1) and (2).
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Next, we shall prove q′ satisfies condition (3). Since q′ is unramified in L/Q, the
group W is contained in the kernel of [·]q
′
Fm,N,χ
. Since (q′L, L/Q) = λ
′, for any x ∈ W ,
we have
ρ
pr◦λ(x)
N−1 = λ
′(x) = (x1/p
N
)Frq′−1,
where Frq′ ∈ Gal(L/Q) is the arithmetic Frobenius at q′, and x1/p
N
∈ L is a pN -th
root of x. Then, we obtain
ρ
pr◦λ(x)
N−1 ≡ x
(q′−1)/pN (mod q′M).
There is the (unique) intermediate field M of Fm(q
′)/Fm whose degree over Fm is
pN since q′ ≡ 1 (mod pN). Let π be the prime element of MN,q′M . By definition of
σq′ , we have
πσq′−1 ≡ ρN−1 (mod q′M),
where q′M is the maximal ideal of Mq′M . Recall that W is contained in the kernel of
[·]q
′
Fm,N,χ
. By definition of φ¯q
′
Fm,N,χ
, we have
πφ(x)−1 ≡ x(q
′−1)/pN (mod q′M)
for all x ∈ W , where we put
φ(x) := σ
pr◦φ¯q
′
Fm,N,χ
(x)
q′ .
Then, we have
x(q
′−1)/pN ≡ ρ
pr◦φ¯q
′
Fm,N,χ
(x)
N−1 (mod q
′
M)
for all x ∈ W . Hence, we obtain
ρ
pr◦λ(x)
N−1 = ρ
pr◦φ¯q
′
Fm,N,χ
(x)
N−1
for all x ∈ W . By Lemma 5.2, we have λ = φ¯q
′
Fm,N,χ
|W . Therefore q
′ satisfies condition
(3) of Proposition 5.1, and the proof is complete. 
6. The cyclotomic ideals
Here, we will define the i-th cyclotomic ideal Ci of Λ for each i ≥ 0 (cf. Definition
6.6). Recall we denote Z/pN [Gal(Fm/Q)] by RFm,N . First, we fix m and N .
Definition 6.1. For n ∈ NN , we define W nFm,N to be the RFm,N -submodule of F
×
m/p
N
generated by {κm,N(ξ) | ξ ∈ µn}.
Definition 6.2. Recall we put ǫ(n) := r for n =
∏r
i=1 ℓi ∈ NN (ℓi ∈ SN for i =
1, . . . , r). We denote by Ci,Fm,N the ideal of RFm,N generated by images of all RFm,N -
homomorphisms f : W nFm,N // RFm,N , where n runs through all elements of NN
satisfying ǫ(n) ≤ i.
Remark 6.3. Since we have decomposition
HomRFm,N (W
n
Fm,N , RFm,N) =
⊕
χ∈∆̂
HomRFm,N,χ(W
n
Fm,N,χ, RFm,N,χ),
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the χ-part Ci,Fm,N,χ of Ci,Fm,N coincides with the ideal generated by Im fχ of RFm,N,χ,
where fχ runs through all elements of HomRFm,N,χ(W
n
Fm,N,χ, RFm,N,χ) for any n ∈ NN
with ǫ(n) ≤ i.
Then, we will define the i-th cyclotomic ideal Ci by taking the projective limit of
{Ci,Fm,N}m,N . To define it, we need the following lemma.
Lemma 6.4. Let m1, m2, N1, N2 be integers satisfying N1 ≥ m1 + 1, N2 ≥ m2 + 1,
m2 ≥ m1, and N2 ≥ N1. The image of Ci,Fm2 ,N2 in RFm1 ,N1 by the natural surjection
is contained in Ci,Fm1 ,N1.
Proof. It is sufficient to show the lemma in the following two cases:
(1) (m2, N2) = (m1, N1 + 1);
(2) (m2, N2) = (m1 + 1, N1).
In the case (1), our lemma is clear. We shall show the lemma in the case (2).
We put m = m1, N = N1 = N2, R1 = RFm,N , R2 = RFm+1,N , and the natural
surjection pr : R2 // R1 . We show the following claim:
Claim 6.5. For f2 ∈ HomR2(W
n
Fm+1,N
, R2), there exists a homomorphism f1 ∈
HomR2(W
n
Fm+1,N
, R1) such that Im f1 = Im(pr ◦ f2).
For each elements σ ∈ Gal(Fm/Q), we fix a lift σ¯ ∈ Gal(Fm+1/Q) of σ. We have
R
Gal(Fm+1/Fm)
2 = {
∑
σ∈Gal(Fm/Q)
aσσ¯n | aσ ∈ Z/p
N},
where n is an element of R2 defined by
n :=
∑
τ∈Gal(Fm+1/Fm)
τ.
We define the isomorphism ϕ : R
Gal(Fm+1/Fm)
2
// R1 of R1-modules by∑
σ∈Gal(Fm/Q)
aσσ¯n 7−→
∑
σ∈Gal(Fm/Q)
aσσ.
Let ι : F×m/p
N // F×m+1/p
N be the canonical homomorphism. Since Fm is totally
real, the homomorphism ι is injective. We have
pr ◦ f2 = ϕ ◦ f2 ◦ ι ◦NFm+1/Fm ,
where NFm+1/Fm : F
×
m+1/p
N // F×m+1/p
N is induced by the norm map. Note that
it follows from Lemma 4.4 that we have
NFm+1/Fm(W
1
Fm+1,N
) =W 1Fm,N .
If we put f1 = ϕ ◦ f2 ◦ ι, then we have
Im f1 = Im(pr ◦ f2).
Thus we have proved the claim. Our lemma follows from the claim immediately. 
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Definition 6.6 (The i-th cyclotomic ideal). We define the i-th cyclotomic ideal Ci
to be the ideal of Λ such that Ci := lim←−Ci,Fm,N , where the projective limit is taken
with respect to the system of the natural homomorphisms Ci,Fm2 ,N2
// Ci,Fm1 ,N1
for integers m1, m2, N1, N2 satisfying N1 ≥ m1 + 1, N2 ≥ m2 + 1, m2 ≥ m1 and
N2 ≥ N1.
We shall prove Proposition 6.7, which is a proposition on the size of C0.
Proposition 6.7. Let χ be a non-trivial character in ∆̂. Then,
annΛχ(Xfin,χ) charΛχ
(
(O1∞/C
1
∞)χ
)
⊆ C0,χ ⊆ charΛχ
(
(O1∞/C
1
∞)χ
)
.
Proof. First, we will prove that C0,χ contains annΛχ(Xfin,χ) charΛχ
(
(O1∞/C
1
∞)χ
)
for
a non-trivial character χ ∈ ∆̂. By Proposition 2.1 (2), we can take an isomorphism
ϕ : O1∞
≃ // Λ , and by Corollary 2.4, it induces an isomorphism
ϕ¯Fm,N,χ :
(
N∞(O
×
Fm
)/pN
)
χ
=
(
N∞(O1Fm)/p
N
)
χ
≃ // RFm,N,χ.
It follows from Corollary 4.2 that the image of C1Fm in F
×
m/p
N coincides with W 1Fm,N .
It is sufficient to show that for any δ ∈ annΛχ(Xfin,χ),
δϕ¯Fm,N,χ
(
the image of (C1Fm)χ
)
⊆ ψ(W 1Fm,N)
for a homomorphism ψ ∈ HomRFm,N,χ(W
1
Fm,N,χ, RFm,N,χ) since this means that the
image of C0,χ in RFm,N,χ contains the image of annΛχ(Xfin,χ) charΛχ
(
(O1∞/C
1
∞)χ
)
in
RFm,N,χ. We show a stronger assertion.
Claim 6.8. Let NOFm,N,χ be the image of the natural homomorphism(
N∞(O
×
Fm
)/pN
)
χ
//
(
O×Fm/p
N
)
χ
⊂
(
F×m/p
N
)
χ
.
There exists a homomorphism ψ : NOF,N // RFm,N which makes the diagram(
C1Fm/p
N
)
χ
//

(
N∞(O1Fm)/p
N
)
χ
δϕ¯Fm,N,χ //

RFm,N,χ
W 1Fm,N,χ
  // (NOFm,N)χ
ψ
55k
k
k
k
k
k
k
k
k
commute.
This claim immediately follows from the following lemma.
Lemma 6.9. Let δ be an element of annΛχ(Xfin,χ). For any homomorphism
f :
(
N∞(O
×
Fm
)/pN
)
χ
// RFm,N,χ
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of RFm,N,χ-modules, there exists a homomorphism g : NOF,N,χ // RFm,N,χ which
makes the diagram (
N∞(O1Fm)/p
N)χ
δf //

RFm,N,χ
NOFm,N,χ
g
77n
n
n
n
n
n
commute.
Proof of Lemma 6.9. We consider the following commutative diagram
0 //
(
N∞(O
×
Fm
)⊗ Zp
)
χ
//
×pN

(
O×Fm ⊗ Zp
)
χ
//
×pN

(
(O×Fm/N∞(O
×
Fm
))⊗ Zp
)
χ
//
×pN

0
0 //
(
N∞(O
×
Fm
)⊗ Zp
)
χ
//
(
O×Fm ⊗ Zp
)
χ
//
(
(O×Fm/N∞(O
×
Fm
))⊗ Zp
)
χ
// 0,
where two rows are exact, and all vertical arrows ×pN are the homomorphisms taking
pN -th power. Applying the snake lemma, we find that the kernel of the natural
homomorphism
(
N∞(O
×
Fm
)/pN
)
χ
// (O×Fm/p
N)χ is a subquotient of the module(
(O×Fm/N∞(O
×
Fm
))⊗ Zp
)
χ
≃
(
O1Fm/N∞(O
1
Fm
)
)
χ
,
which is annihilated by δ by Corollary 2.6. This implies Lemma 6.9. 
Next, we will prove that C0,χ is contained in charΛχ
(
(O1∞/C
1
∞)χ
)
for a non-trivial
character χ ∈ ∆̂. Note that RFm,N,χ is an injective RFm,N,χ-module since the RFm,N,χ-
module HomZ(RFm,N,χ,Q/Z) is injective and free of rank 1. Let f : W
1
Fm,N,χ
// RFm,N,χ
be an RFm,N,χ- homomorphism. Since RFm,N,χ is an injective RFm,N,χ-module, there
exists a homomorphism f˜ :
(
O×Fm/p
N
)
χ
// RFm,N,χ whose restriction to W
1
Fm,N,χ
coincides with f . Then, we have an element a ∈ RF,N,χ which makes the following
diagram (
C1Fm/p
N
)
χ
//
    B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
(
N∞(O1Fm)/p
N
)
χ ≃
ϕ¯Fm,N,χ //

RF,N,χ
×a
(
O×Fm/p
N
)
χ
f˜ //_______ RF,N,χ
W 1Fm,N,χ
?
OO
f
55kkkkkkkkkkkkkkkkk
commute, where ×a is the homomorphism multiplying a. This diagram implies that
f(W 1Fm,N,χ) is contained in the image of charΛχ
(
(O1∞/C
1
∞)χ
)
in RFm,N,χ. Therefore,
we obtain C0,χ ⊆ charΛχ
(
(O1∞/C
1
∞)χ
)
. 
Theorem 1.1 for i = 0 follows from Proposition 6.7 and the Iwasawa main conjec-
ture.
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Corollary 6.10 (Theorem 1.1 for i = 0). Let χ be a non-trivial character in ∆̂.
(1) C0,χ ⊆ FittΛχ,0(X
′
χ).
(2) annΛχ(Xfin,χ) FittΛχ,0(X
′
χ) ⊆ C0,χ.
Note that Corollary 6.10 is a restatement of the Iwasawa main conjecture in terms
of 0-th cyclotomic ideal. Indeed, we can obtain charΛχ(Xχ) from this Corollary.
Remark 6.11. Here, we remark on the structure of A0. Using the Kolyvagin deriva-
tives and the Euler system arguments, Rubin determined the structure of A0 com-
pletely. (See [Ru2] for the minus-part version of this result.) We can show that our
Ci,F0,N,χ is equal to the ideal of RF0,N,χ generated by p
∂(i,N,χ), where ∂(i, N, χ) is the
largest integer satisfying
κ0,N (ξn)χ ∈
((
F×0 /(F
×
0 )
pN
)
χ
)p∂(i,N,χ)
for any n with ǫ(n) ≤ i. Hence, when χ ∈ ∆̂ is non-trivial and N is sufficiently large,
Rubin’s result can be described as
A0,χ ≃
⊕
i≥0
RF0,N,χ/p
∂(i,N,χ)−∂(i+1,N,χ) ≃
⊕
i≥0
Ci+1,F0,N,χ/Ci,F0,N,χ
in our notation. Equivalently, we have FittRF0,N,χ,i(A0) = Ci,F0,N,χ for all i ≥ 0, non-
trivial χ ∈ ∆̂ and sufficiently large N . We also remark that Mazur and Rubin proved
a general theorem in [MR] Theorem 4.5.9, which contains the above result as a special
case.
7. Proof of the main theorem
In this section, we prove Theorem 1.1. Our argument is almost parallel to [Ku] §9,
but we have to treat the pseudo-null-part Xfin of X and the unit group O
×
Fm
carefully.
First, we recall the notation and the statement of the theorem. The Λ-module X
is defined by X := lim←−Am, where Am is the p-Sylow subgroup of the ideal class group
of Fm and the projective limit is taken with respect to the norm map. The Λ-module
X ′ is defined by X ′ := X/Xfin, where Xfin is the maximal pseudo-null Λ-submodule
of X . Our main theorem is as follows.
Theorem 7.1 (Theorem 1.1). Let χ be a non-trivial character in ∆̂.
(1) C0,χ ⊆ FittΛχ,0(X
′
χ).
(2) annΛχ(Xfin,χ) FittΛχ,i(X
′
χ) ⊆ Ci,χ for i ≥ 0.
We have already proved Theorem 1.1 for i = 0 in the last section. Here, we prove
the second assertion for i ≥ 1.
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7.1. We spend this subsection on the setting of notations.
We assume that χ ∈ ∆̂ is non-trivial. Since X ′χ has no non-trivial pseudo-null
submodules, we have an exact sequence
0 // Λhχ
f // Λhχ
g // X ′χ // 0,(1)
by Lemma 3.3. Let M be the matrix corresponding to f with respect to the standard
basis (ei)
h
i=1 of Λ
h
χ. Let {m1, ..., mh} and {n1, ..., nh} be permutations of {1, ..., h}. For
any integer i satisfying 1 ≤ i ≤ h− 1, consider the matrix Mi which is obtained from
M by eliminating the nj-th rows (j = 1, ..., i) and the mk-th columns (k = 1, ..., i).
Here, we shall prove that δ detMi ∈ Ci,χ for any i ∈ Z≥1 for any δ ∈ ann(Afin). If
detMi = 0, this is trivial, so we assume that detMi 6= 0. If necessary, we permute
{m1, ..., mi}, and assume detMr 6= 0 for all integers r satisfying 0 ≤ r ≤ i.
For each m ∈ Z≥0, we take a positive integer Nm such that and Nm+1 > Nm >
m + 1, and pNm > #Am for any m ∈ Z≥0. For simplicity, we put F := Fm, R :=
Zp[Gal(Fm/F0)]χ, N := Nm and RN := RF,N,χ = Z/p
N [Gal(Fm/F0)]χ. Let Am,fin,χ be
the image of Xfin,χ in Am,χ by the natural homomorphism. By Proposition 2.2, the
R-module A′m,χ := X
′
Γm,χ is regarded as the quotient Am,χ/Am,fin,χ. From the exact
sequence (1), we obtain the exact sequence
0 // Rh
f¯ // Rh
g¯ // A′m,χ // 0,
by taking the Γm-coinvariants.
The image of er in R
h is denoted by e
(m)
i . We define c1 := g(e1), . . . , ch := g(eh),
and c
(m)
r to be the image of cr in Am,χ/Am,fin,χ, namely c
(m)
r := g¯(e
(m)
r ). We fix a lift
c˜
(m)
r ∈ Am,χ of c
(m)
r , and define
Pr := {ℓ ∈ SN | [ℓF ]χ = c˜
(m)
r },
where [ℓF ]χ is the class of ℓF in Am,χ. We define P :=
⋃i
r=1 Pr, and PF to be the set of
all the prime ideals of F above P . Let J be the subgroup of IF generated by PF , and
the R-submodule F of (F×⊗Zp)χ the inverse image of (J⊗Zp)χ by the homomorphism
(·)F : (F× ⊗ Zp)χ // (IF ⊗ Zp)χ . We define a surjective homomorphism
α : (J ⊗ Zp)χ // Rh
by ℓF 7→ er for each ℓ ∈ Pr and r with 1 ≤ r ≤ h. We define
αr := prr ◦ α : (J ⊗ Zp)χ
α // Rh
prr // R
to be the composition of α and the r-th projection.
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We define the homomorphism β : F // Rh to make the following diagram
F
(·)F,χ //
β

(J ⊗ Zp)χ
can. // //
α

A′m,χ
0 // Rh
f¯ // Rh
g¯ // A′m,χ // 0
(2)
commute, where can. is induced by the canonical homomorphism J −→ A′m,χ =
Am,χ/Am,fin,χ. Note that since the second row of the diagram is exact, β is well-
defined. We define
βr := prr ◦ β : F
β // Rh
prr // R
to be the composition of β and the r-th projection.
We consider the diagram (2) by taking (−⊗ Z/pZ). First, we prove the following
two lemmas, namely Lemma 7.2 and 7.3.
Lemma 7.2. The canonical homomorphism F/pN // (F×/pN)χ is injective.
Proof. Let x be an element in the kernel of the homomorphism F/pN // (F×/pN)χ
and x˜ a lift of x in F . Then, there exists y ∈ (F× ⊗ Zp)χ such that x˜ = yp
N
.
Since (x˜)F,χ ∈ (J ⊗ Zp)χ and (IF ⊗ Zp)/(J ⊗ Zp) is torsion free Zp-module, we have
(y)F,χ ∈ (J ⊗ Zp)χ. Hence, y ∈ F , and we obtain x = 1. 
The RN -module F/pN is regarded as a submodule of (F×/pN)χ by Lemma 7.2.
We regard (F×/pN)χ as a Λχ-module. For an element x ∈ (F×/pN)χ and δ ∈
annΛχ(Xfin,χ), we denote the scaler multiple of x by δ ∈ Λχ by x
δ.
Lemma 7.3. Let [·]F,N,χ be the homomorphism (F×/pN)χ // (IF/pN)χ induced
by (·)F : F
× // IF . Let x be an element of (F
×/pN)χ such that [x]F,N,χ ∈ (J/pN)χ.
Then, for any δ ∈ annΛχ(Xfin,χ), x
δ is contained in F/pN ⊂ (F×/pN)χ.
Proof. Recall the canonical exact sequence:
0 // P // IK // Am // 0,
where P is defined by P = F×/O×Fm. By the snake lemma for the commutative
diagram
0 // P //
×pN

IF //
×pN

Am //
×pN

0
0 // P // IF // Am // 0,
we obtain the following exact sequence
0 // Am // P/pN // IK/pN // Am // 0. (Recall p
Nm > #Am.)
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Let Bm be the image of J in Am, and P0 = F/O
×
Fm
. Then, we have the exact
sequence
0 // P0 // J // Bm // 0,
and by a similar argument as above, we obtain the exact sequence
0 // Bm // P0/pN // J/pN // Bm // 0.
Now, we obtain the commutative diagram
0 // Bm // _

P0/pN // _

J/pN //
 _

Bm // _

0
0 // Am // P/pN // IF/pN // Am // 0
(3)
whose two rows are exact, and the vertical arrows are injective. Since δAm is contained
in Bm, our lemma follows from a diagram chase. 
From the first row of the diagram (3), we obtain the following corollary immediately.
Corollary 7.4. The order of the kernel of the homomorphism [·]F,χ : F/pN // J/pN
is finite.
Let n be an element of NN whose prime divisors are in P . We define P
n
F to be the
set of all elements of P dividing n. We define Jn to be the subgroup of J generated
by P nF , and the submodule Fn,N of F/p
N the inverse image of Jn by the restriction of
[·]F,N,χ to F/pN . Note that Fn,N is a finite RN -submodule of (F×/pN)χ by Corollary
7.4. We have obtained the following commutative diagram
Fn,N
[·]F,χ //
β

(Jn/p
N)χ
α

RhN
f¯ // RhN .
7.2. Let δ be a non-zero element of annΛχ(Xfin). In this and the next subsection, we
write φ¯ℓ in place of φ¯ℓF,N,χ for simplicity. Here, as in [Ku], we shall take the element
xν,q ∈ (F×/pN)χ which is defined in Definition 4.16, to translate βr to homomorphisms
of the type φ¯ℓ. Recall the element xν,q ∈ (F
×/pN)χ is determined by q, ν, and {aℓ}ℓ|ν .
We shall take them as follows.
First, we take a prime number q by the following way. For each integer r with
1 ≤ r ≤ h, we fix a prime number qr ∈ Pnr . We put Q :=
∏h
r=1 qr ∈ NN . By the
Iwasawa main conjecture, we can take an isomorphism
ϕ : (O1∞)χ
≃ // Λχ
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which sends
(
u · cyc(ρm)χ
)
m≥0
to detM0. Let
ϕ¯F,N,χ :
(
N∞(O1F )/p
N
)
χ
≃ // RN
be the induced isomorphism by ϕ. Recall that we define NOFm,N,χ to be the image
of the natural homomorphism(
N∞(O
×
Fm
)/pN
)
χ
//
(
O×Fm/p
N
)
χ
⊂
(
F×m/p
N
)
χ
.
By Lemma 6.9, there exists a homomorphism ψ : NOF,N,χ // RN which makes
the diagram
(C1F/p
N)χ //

(
N∞(O1F )/p
N
)
χ
δϕ¯F,N,χ //

RN
W 1Fm,N,χ
  // NOF,N,χ
ψ
66l
l
l
l
l
l
l
l
l
commute. By Proposition 5.1, we can take a prime number q ∈ SN satisfying the
following two conditions:
(q1) the class of qFm in Am,χ coincides with the class of q1F ;
(q2) NOF,N,χ is contained in the kernel of [·]
q
F,N,χ, and for all x ∈ NOF,N,χ,
ψ(x) = φ¯q(x).
In particular, we have
φ¯q(cyc(ρm)) = φ¯
q(u · cyc(ρm))
= δϕ¯F,N,χ(cyc(ρm))
= δ detM0.
We replace q1 by q.
Next, we shall take ν and {aℓ}ℓ|ν.
First, we consider the homomorphism βm1 : FQ,N // RN . Applying Proposition
5.1, we can take ℓ2 ∈ SN (F (Q)) such that ℓ2 ∈ Pn2, ℓ 6= q2, and
βm1(x) = φ¯
ℓ2(x)
for all x ∈ FQ,N . We put ν1 := 1.
In the case i = 1, we put ν := ν1 = 1, and xν,q = x1,q = κq(ξq). It follows from
Proposition 4.17 (1) and Lemma 7.3 that xδ1,q is an element of FQ,N .
Suppose i ≥ 2. To take ν and {aℓ}ℓ|ν, we choose prime numbers ℓr for each r with
2 ≤ r ≤ i+1 by induction on r as follows. Let r be an integer satisfying 2 < r ≤ i+1,
and suppose that we have chosen distinct prime numbers ℓs ∈ SN(F (Qνs−1)) for each
s with 2 ≤ s ≤ r − 1. We put νr−1 :=
∏r−1
s=2 ℓs. We consider the homomorphism
βm1 : FQνr−1,N // RN . Applying Proposition 5.1, we can take ℓr ∈ SN (F (Qνr−1))
satisfying the following conditions:
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(x1) ℓr ∈ Pnr , and ℓ 6= qr;
(x2) there exists br ∈ (F×⊗ Zp)χ such that (br)F,χ = (ℓr,F − qr,F )χ and φ¯ℓs(br) = 0
for any s with 2 ≤ s < r;
(x3) φ¯ℓr(x) = βmr−1(x) for any x ∈ FQνr−1,N .
Thus, we have taken ℓ2, . . . , ℓi+1, and we put ν := νi =
∏i
r=2 ℓr ∈ NN . For each r
with 2 ≤ r ≤ i, we put aℓr := −φ
ℓr(br) ∈ RN ⊗Hℓr , and we obtain xν,q ∈ (F
×/pN)χ.
It follows from Proposition 4.17 (1) and Lemma 7.3 that xδν,q is an element of FQν,N .
Note that qν is well-ordered.
7.3. In this subsection, we observe two homomorphism α and β by using xn,q, and
describe detMi in RN . First, we prepare the following lemma.
Lemma 7.5 (cf. [Ku] Lemma 9.2). Suppose i ≥ 2. Then,
(1) βmr−1(x
δ
ν,q) = 0 for all r with 2 ≤ r ≤ i;
(2) αj([xν,q]F,χ) = 0 for any j 6= n1, . . . , ni.
Proof. The second assertion (2) of the above lemma is clear by Proposition 4.17 (1).
We shall prove the first assertion. For any r satisfying 2 ≤ r ≤ i, we have
α([br]F,χ) = 0 since (br)F,χ = (ℓr,F − qr,F )χ. Then, by the definition of β, we have
β(br) = 0. We put
yr = xν,q
i∏
s=r
b
φ¯ℓs (xν/ℓs,q)
s ,
then we have β(xδν,q) = β(y
δ
r). We will prove βmr−1(y
δ
r) = 0 for any r satisfying
2 ≤ r ≤ i.
By Proposition 4.17 (2), we have [yr]F,N,χ ∈ JQνr−1, and then, by Lemma 7.3, we
have yδr ∈ FQνr−1,N . Therefore, we obtain
δφ¯ℓr(yr) = βmr−1(y
δ
r)
by the condition (x3). Since φ¯ℓr(bs) = 0 for all integers s satisfying r + 1 ≤ s ≤ i by
the condition (x2), we have
φ¯ℓr(yr) = φ¯
ℓr(xν,qb
φ¯ℓr (xν/ℓr,q)
r ).
By Proposition 4.17 (3), we have
φ¯ℓr(xν,qb
φ¯ℓr (xν/ℓr,q)
r ) = −φ¯ℓr(br)φ¯
ℓr(xν/ℓr ,q) + φ¯
ℓr(xν/ℓr ,q)φ¯
ℓr(br) = 0.
Therefore, we obtain βmr−1(x
δ
ν,q) = βmr−1(y
δ
r) = 0. 
The goal of this subsection is the following proposition.
Proposition 7.6 (cf. [Ku] p.44). We have the following equalities on elements of
RN :
(1) δ(detM)φ¯ℓ2(x1,q) = ±δ2(detM1)ϕ¯F,N,χ(cyc(ρm)χ);
(2) δ(detMr−1)φ¯
ℓr+1(xνr ,q) = ±δ(detMr)φ¯
ℓr(xνr−1,q) for any r with 2 ≤ r ≤ i,
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where the signs ± in (1) and (2) do not depend on m.
Proof. For each r satisfying 1 ≤ r ≤ i we put
x(r) := β(xδνr,q) ∈ R
h
N and y
(r) := α(xδνr ,q) ∈ R
h
N ,
and regard them as column vectors. Then, we have y(r) = Mx(r) in RhN .
We first prove the assertion (1) of the above proposition. Since xδ1,q is an element
of Fq,N , we have
y(1) = δ[κq(ξq)χ]
q
F,N,χe
(m)
n1
= −δφ¯q(cyc(ρm)χ)e
(m)
n1 (by Proposition 4.12 (2))
= −δ2ϕ¯F,N,χ(cyc(ρm)χ)e
(m)
n1
(by condition (q2)).
Let M˜ be the matrix of cofactors of M . Multiplying the both sides of y(1) = Mx(1)
by M˜ , and comparing the m1-st components, we obtain
(−1)n1+m1+1(detM1)δ
2ϕ¯F,N,χ(cyc(ρm)χ) = (detM)βm1(x
δ
1,q).
By condition (x3) for ℓ2, we have βm1(x
δ
1,q) = δφ¯
ℓ2(x1,q), and the assertion (1) follows.
Next, we assume i ≥ 2, and we shall prove Proposition 7.6 (2). The proof is
essentially the same as the proof of assertion (1). It is sufficient to prove the assertion
when r = i. We write x = x(i) and y = y(i). Let x′ ∈ Rh−i+1N be the vector obtained
from x by eliminating the mj-th rows for j = 1, ..., i− 1, and y′ the vector obtained
from y by eliminating the nk-th rows for k = 1, ..., i− 1. Since the mr-th rows of x
are 0 for all r with 1 ≤ r ≤ i−1 by Lemma 7.5 (1), we have y′ =Mi−1x′. We assume
the m′i-th component of x
′ corresponds to the mi-th component of x, and the n
′
i-th
component of y′ corresponds to the ni-th component of y. By Lemma 7.5 (2) and
Proposition 4.17 (2), we have
y′ = −δφ¯ℓi(xνi−1,q)e
′(m)
n′i
,
where (e′
(m)
i )
h−i+1
i=1 denotes the standard basis of R
h−i+1
N .
Let M˜i−1 be the matrix of cofactors of Mi−1. Multiplying the both sides of y
′ =
Mi−1x
′ by M˜i−1, and comparing the m
′
i-th components, we obtain
(−1)n
′
i+m
′
i+1(detMi)δφ¯
ℓi(xνi−1,q) = (detMi−1)βmi(x
δ
ν,q).
By condition (x3) for ℓi+1, and since x
δ
n,q is an element of FQν,N , we have
βmi(x
δ
ν,q) = δφ¯
ℓi+1(xν,q).
Here, the proof of Proposition 7.6 is complete. 
7.4. Now we prove Theorem 1.1.
Proof of Theorem 1.1 . We may vary m in the proof of Theorem 1.1. So, the element
φ¯ℓr+1(xνr ,q) ∈ RN = (Z/p
Nm)[Gal(Fm/F0)]χ defined in §6.2 is denoted by φ¯
ℓr+1(xνr ,q)m.
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By induction on r, we shall prove that
(
φ¯ℓr+1(xνr,q)m
)
m≥0
converges to ±δ detMr ∈
Λχ, where a sequence (am)m≥0 ∈
∏
m≥0RFm,Nm,χ is said to converge to b = (bm)m≥0 ∈
lim←−m≥0
RFm,Nm,χ = Λχ if for each m, there exists an integer Lm such that the image
of am′ in RFm,Nm,χ coincides to bm ∈ RFm,Nm,χ for any m
′ ≥ Lm.
First, we consider the equality δ(detM)φ¯ℓ2(x1,q)m = ±δ2(detM1)ϕ¯F,N,χ(cyc(ρm)χ).
Since the right hand side converges to ±δ2(detM1)(detM) and both δ and detM are
non-zero element, we find that
(
φ¯ℓ2(x1,q)m
)
m≥0
converges to ±δ detM1. (Note the
sign ± does not depend on m, see Proposition 7.6).
Next, we assume that
(
φ¯ℓr(xνr−1,q)m
)
converges to ±δ detMr−1. Then, the right
hand side of δ(detMr−1)φ¯
ℓr+1(xνr ,q) = ±δ(detMr)φ¯
ℓr(xνr−1,q) converges to
±δ2(detMr)(detMr−1). Since we take detMr−1 6= 0, the sequence
(
φ¯ℓr+1(xνr,q)m
)
m≥0
converges to ±δ detMr.
By induction, we conclude
(
φ¯ℓi+1(xν,q)m
)
converges to ±δ detMi. Since (xν,q)m ∈
W qνFm,Nm with ǫ(qν) = i, we have φ¯
ℓi+1(xν,q)m ∈ Ci,Fm,Nχ for all m ∈ Z≥0. Hence we
have δ detMi ∈ Ci,χ. This completes the proof of Theorem 1.1. 
Remark 7.7. We remark on the higher Fitting ideals of the trivial character parts of
X and X ′. Let 1∆ be the trivial character in ∆̂. It is a well-known fact that X1∆ = 0
(cf. [Wa] Proposition 15.43). In particular, we have
FittΛ1∆ ,i(X1∆) = FittΛ1∆ ,i(X
′
1∆
) = Λ1∆
for i ≥ 0.
7.5. Here, we remark on some application of Theorem 1.1.
For each ideal I of Λχ, we denote the unique minimal principal ideal of Λχ containing
I by P(I). Since Λχ is UFD, the ideals P(I) are well-defined. Recall that we denote
the smallest number of generators of an R-module M by νR(M) (cf. §3). We obtain
the following corollary of Theorem 1.1.
Corollary 7.8. Let χ be a non-trivial character in ∆̂. Then,
FittΛχ,i(Xχ) ⊆ FittΛχ,i(X
′
χ) ⊆ P(Ci,χ)
for all i ≥ 0. In particular, if P(Ci,χ) 6= Λχ, then we have νΛχ(Xχ) ≥ i + 1 and
νΛχ(X
′
χ) ≥ i+ 1.
Proof. Since X ′χ is a quotient module of Xχ, we obtain the first inclusion
FittΛχ,i(Xχ) ⊆ FittΛχ,i(X
′
χ).
The second inclusion follows from Theorem 1.1 immediately. 
Remark 7.9. Let χ ∈ ∆̂ be a non-trivial character. Since Xχ is pseudo-isomorphic
to X ′χ, we have charΛχ(Xχ) = charΛχ(X
′
χ). Since annΛχ(Xfin,χ) is an ideal of Λχ whose
index is finite, we have charΛχ(X
′
χ) = FittΛχ,0(X
′
χ) = P(C0,χ) by Lemma 3.3 and
Theorem 1.1 for i = 0. By Proposition 6.7, we have P(C0,χ) = charΛχ
(
(O1∞/C
1
∞)χ
)
.
Hence Theorem 1.1 is a refinement of the Iwasawa main conjecture.
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From Corollary 7.8, we obtain the following results on the higher Fitting ideals of
Am,χ and A
′
m,χ.
Corollary 7.10. Let χ be a non-trivial character in ∆̂. For each m ≥ 0, we denote
the image of P(Ci,χ) in RFm,χ = Zp[Gal(Fm/Q)]χ by P(Ci,χ)m. Then,
FittRFm,χ,i(Am,χ) ⊆ FittRFm,χ,i(A
′
m,χ) ⊆ P(Ci,χ)m
for all m ≥ 0 and i ≥ 0. In particular, if P(Ci,χ) 6= Λχ, then we have νRFm,χ(Am,χ) ≥
i+ 1 and νΛχ(A
′
m,χ) ≥ i+ 1.
Remark 7.11. We can know more about νRFm,χ(Am,χ) and νRFm,χ(Am,χ) by direct
application of the result in [MR] (see Remark 6.11) without using Theorem 1.1. Let
χ ∈ ∆̂ be a non-trivial character. Suppose N is sufficiently large. By Nakayama’s
lemma, the following conditions are equivalent:
(1) dimFpA0,χ/p = i+ 1;
(2) νΛχ(Xχ) = i+ 1;
(3) νRFm,χ(Am,χ) = i+ 1;
(4) FittΛχ,i(Xχ) 6= Λχ and FittΛχ,i+1(Xχ) = Λχ;
(5) FittRFm,χ,i(Am,χ) 6= RFm,χ and FittRFm,χ,i+1(Am,χ) = RFm,χ;
(6) Ci,Fm,N 6= RFm,χ and Ci+1,Fm,N = RFm,χ.
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